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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]

17+12-1>0,1+1>0
(1,1)
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]

9. 9.2 -
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Limitations of CAD

Cylindrical Algebraic Decomposition (Collins 1975) First tractable approach. Doubly
exponential in the number of variables.
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Cylindrical Algebraic Decomposition (Collins 1975) First tractable approach. Doubly
exponential in the number of variables.

Davenport, Heintz 1988 Real Quantifier Elimination is Doubly Exponential in the
number of quantifier alternations.

Basu, Pollack, Roy 1996 Singly exponential in the number of variables. Doubly
exponential in the number of quantifier alternations.
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Why use CAD at all then?

Hong 1991  Comparison of Several Decision Algorithms for the Existential Theory of

the Reals.
Algorithm Theoretical n=m=d=L=2
Collins La(md)Qo(n) & 1 second
Grigor’ev/Vorobjov L(md)™" > 1 million years
Renegar L(log L)(loglog L)(md)®™ > 1 million years
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Hong 1991  Comparison of Several Decision Algorithms for the Existential Theory of

the Reals.
Algorithm Theoretical n=m=d=L=2
Collins La(md)Qo(n) & 1 second
Grigor’ev/Vorobjov L(md)™" > 1 million years
Renegar L(log L)(loglog L)(md)®™ > 1 million years
CAD solves real-world problems!
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Exploration-guided Algorithms
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Exploration-guided Algorithms
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Exploration-guided Algorithms

T2

Cylindrical Algebraic De-
composition (CAD) [Collins
1975]
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Exploration-guided Algorithms

Cylindrical Algebraic De- NLSAT [Jovanovié, de Moura

composition (CAD) [Collins 2012], Cylindrical Algebraic

1975] Covering (CAIC) [Abrahdm
et al. 2021]
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Exploration-guided Algorithms
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Quantifier Elimination
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Quantifier Elimination
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Quantifier Elimination [Nalbach, Kremer 2024; Nalbach, Abraham 2025]
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Single Cell Construction [Brown 2015]
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Single Cell Construction [Brown 2015, Nalbach et al. 2024]
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A Proof System for Exploration-Guided Algorithms

Rule. Let i € Nyg, RCR?, p € Q[m,..., 2], level(p) = i, p reducible,
factors(p) = {q1,- .., qx}-

sgn_inv(q1)(R), ..., sgn_inv(qx)(R) Fsgn_inv(p)(R)
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A Proof System for Exploration-Guided Algorithms

ir_ord(=, s)

an_del(p)

"

non_null(p)

7

sgn_inv(p)

an_sub(i) ord_inv(p)

ord_inv(p), p irred
| sgn_inv(p), p irre connected(i)

sample(s)

holds(T)
level i

level i — 1

an_sub(i — 1)

ord_inv(p)

sgn_inv(p)

connected(i — 1)

sample(s)
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A Proof System for Exploration-Guided Algorithms
) | —>sample(s), repr(I2, s1), ir_ord(<, s1), an_del(p1), an_sub(1), connected(1)

v(p2) | —»sample(s), repr(Is, s1), ir_ord(=, s1), an_del(p2), an_sub(1), connected(1)

(p3) | —»sample(s), repr(Is, s1), ir_ord(<, s1), an_del(ps), an_sub(1), connected(1)

sample(s) —repr(Ia, s1), sample(s;)

repr(Ia, s1) = R = Rlpy) xI2 | an_del(p2), an_del(ps), sample(s)

ir_ord(=, s1) —an_del(py), an_del(ps), an_del(p3), ord_inv(res, (ps, p1)), ord_inv(resy, (p3, p2)),

an_sub(1), connected(1), sample(s;)

an_del(py) —non_null(p1), ord_inv(discy, (p1)), an_sub(1), connected(1), sgn_inv(1dcf,, (p1))
an_del(py) —non_null(p2), ord_inv(disc,, (p2)), an_sub(1), connected(1), sgn_inv(1dct,, (p2))
an_del(ps) —non_null(p3), ord_inv(discy, (p3)), an_sub(1), connected(1), sgn_inv(1dcf,, (ps))
non_null(py) —trivial
non_null(pg) —trivial sgn_inv(ps) —repr(L)
. sgn_inv(ldcf,, (p1)) —trivial
non_null(p3) —trivial et wvial
ord_inv(discy, (p1)) —trivial sgn_inv(lde ( 2)) —trivia
. sgn_inv(ldcfy, (ps)) —trivial
ord_inv(discy, (p2)) —sgn_inv(ps), sample(s;)
L an sub(l) —repr(Iy)
ord_inv(discy, (p3)) —trivial
. connected(1) —trivial
sgn_inv(ps) —repr(Iy) )
ord_inv(res,, (p3, p1)) —trivial sample(s) —repr(11)
ord_inv(resy, (p3, p2)) —sgn_inv(ps), sample(sy) repr(11) = Ripy= T
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Projective Delineability [Michel et al. 2024, Nalbach et al. 2025]
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Irrelevant Intersections [Nalbach, Abraham 2024]
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Irrelevant Intersections [Nalbach, Abraham 2024]
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Irrelevant Intersections [Nalbach, Abraham 2024]
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Irrelevant Intersections [Nalbach, Abraham 2024]
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Weak Cell Bounds [Nalbach, Abraham 2024; Nalbach, Abraham 2025]
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NuCAD Example
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Weak Cell Bounds [Nalbach, Abraham 2024; Nalbach, Abraham 2025]

4

I

NuCAD Example
from 19 to 8 cells
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Weak Cell Bounds [Nalbach, Abraham 2024; Nalbach, Abraham 2025]

60 : -
—— NuCAD } i
--- CAlC : i
W s NuCAD<WB> : !
= ----CALC<WB> !
Z 40 ‘: [
] a !
@1 g : !
o e
i B |
=] 0 ;
£ 20 | ;
— ‘ ’.
() I T T
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number of solved instances .13

I

NuCAD Example
from 19 to 8 cells
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Under-approximation of Cell Bounds [Promies et al. 2025]
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Under-approximation of Cell Bounds [Promies et al. 2025]
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