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History of Real Algebra

Al-Khwarizmi 820 al-Kitāb al-Mukhtaṣar fī Ḥisāb al-Jabr wal-Muqābalah (The
Compendious Book on Calculation by Completion and Balancing)

Tarski’s method (Tarski 1948, Seidel 1954) ω(2·
··
2n

)

Cylindrical Algebraic Decomposition (Collins 1975) O(22n
)
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Cylindrical Algebraic Decomposition [Collins 1975]

∃x1. ∃x2. x2
1 + x2

2 − 1 < 0 ∧ x1 + x2 > 0
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1 + x2

2 − 1, x1 + x2

x1

x 2
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Cylindrical Algebraic Decomposition [Collins 1975]

0.52 + 0.52 − 1< 0, 0.5 + 0.5> 0

(0.5, 0.5)

x1

x 2
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Cylindrical Algebraic Decomposition [Collins 1975]

0.252 + 0.252 − 1< 0, 0.25 + 0.25> 0

(0.25, 0.25)

x1

x 2
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Cylindrical Algebraic Decomposition [Collins 1975]

12 + 12 − 1> 0, 1 + 1> 0

(1, 1)

x1

x 2
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Cylindrical Algebraic Decomposition [Collins 1975]

02 + 02 − 1< 0, 0 + 0= 0

(0, 0)

x1

x 2
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Cylindrical Algebraic Decomposition [Collins 1975]

x2
1 + x2

2 + x2
3 − 1, x1 + x2 + x3
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Limitations of CAD

Cylindrical Algebraic Decomposition (Collins 1975) First tractable approach. Doubly
exponential in the number of variables.

Davenport, Heintz 1988 Real Quantifier Elimination is Doubly Exponential in the
number of quantifier alternations.

Basu, Pollack, Roy 1996 Singly exponential in the number of variables. Doubly
exponential in the number of quantifier alternations.
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Why use CAD at all then?

Hong 1991 Comparison of Several Decision Algorithms for the Existential Theory of
the Reals.

CAD solves real-world problems!
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Exploration-guided Algorithms
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Cylindrical Algebraic De-
composition (CAD) [Collins
1975]
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CAD) [Brown 2015]
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Comparison of Running Times
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Contributions
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Quantifier Elimination

∃x1. ∃x2. ∃y1. ∃y2. 1 ≤ x1, x2, y1, y2 ≤ z − 1 ∧ (x1 − x2)2 + (y1 − y2)2 ≥ 4

≡z ≥ 2 +
√
2
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Quantifier Elimination [Nalbach, Kremer 2024; Nalbach, Ábrahám 2025]
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Single Cell Construction [Brown 2015]
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Single Cell Construction [Brown 2015, Nalbach et al. 2024]
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A Proof System for Exploration-Guided Algorithms

Rule. Let i ∈ N>0, R ⊆ Ri , p ∈ Q[x1, . . . , xi ], level(p) = i, p reducible,
factors(p) = {q1, . . . , qk}.

sgn_inv(q1)(R), . . . , sgn_inv(qk)(R) ` sgn_inv(p)(R)
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A Proof System for Exploration-Guided Algorithms
ir_ord(�, s)

an_del(p)

non_null(p) an_sub(i) ord_inv(p)

sgn_inv(p) ord_inv(p), p irred

sgn_inv(p), p irred connected(i)

sample(s)

repr(I, s)holds(I)

ir_ord(�, s)

an_del(p)

an_sub(i − 1) ord_inv(p)

sgn_inv(p)

connected(i − 1)

sample(s)

level i
level i − 1
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A Proof System for Exploration-Guided Algorithms
sgn_inv(p1) →sample(s), repr(I2, s1), ir_ord(�, s1), an_del(p1), an_sub(1), connected(1)

sgn_inv(p2) →sample(s), repr(I2, s1), ir_ord(�, s1), an_del(p2), an_sub(1), connected(1)

sgn_inv(p3) →sample(s), repr(I2, s1), ir_ord(�, s1), an_del(p3), an_sub(1), connected(1)

sample(s)→repr(I2, s1), sample(s1)

repr(I2, s1)→ R = R↓[1] ×I2 , an_del(p2), an_del(p3), sample(s1)

ir_ord(�, s1)→an_del(p1), an_del(p2), an_del(p3), ord_inv(resx2(p3, p1)), ord_inv(resx2(p3, p2)),
an_sub(1), connected(1), sample(s1)

an_del(p1)→non_null(p1), ord_inv(discx2(p1)), an_sub(1), connected(1), sgn_inv(ldcfx2(p1))
an_del(p2)→non_null(p2), ord_inv(discx2(p2)), an_sub(1), connected(1), sgn_inv(ldcfx2(p2))
an_del(p3)→non_null(p3), ord_inv(discx2(p3)), an_sub(1), connected(1), sgn_inv(ldcfx2(p3))

non_null(p1)→trivial
non_null(p2)→trivial
non_null(p3)→trivial

ord_inv(discx2(p1))→trivial
ord_inv(discx2(p2))→sgn_inv(p4), sample(s1)
ord_inv(discx2(p3))→trivial

sgn_inv(p4)→repr(I1)
ord_inv(resx2(p3, p1))→trivial
ord_inv(resx2(p3, p2))→sgn_inv(p5), sample(s1)

sgn_inv(p5)→repr(I1)
sgn_inv(ldcfx2(p1))→trivial
sgn_inv(ldcfx2(p2))→trivial
sgn_inv(ldcfx2(p3))→trivial

an_sub(1)→repr(I1)
connected(1)→trivial

sample(s1)→repr(I1)

repr(I1)→ R↓[1]= I1
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Projective Delineability [Michel et al. 2024, Nalbach et al. 2025]
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Irrelevant Intersections [Nalbach, Ábrahám 2024]
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Weak Cell Bounds [Nalbach, Ábrahám 2024; Nalbach, Ábrahám 2025]
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Under-approximation of Cell Bounds [Promies et al. 2025]

x1

x 2

9.8 9.9 10 10.1 10.2 10.3

·103

0

20

40

60

number of solved instances

ru
nn

in
g

tim
e

(s
)

NLSAT
NLSAT<APX>

Jasper Nalbach (RWTH) CAD Based Methods in Satisfiability Modulo NRA 25 / 26



Under-approximation of Cell Bounds [Promies et al. 2025]

x1

x 2

9.8 9.9 10 10.1 10.2 10.3

·103

0

20

40

60

number of solved instances

ru
nn

in
g

tim
e

(s
)

NLSAT
NLSAT<APX>

Jasper Nalbach (RWTH) CAD Based Methods in Satisfiability Modulo NRA 25 / 26



Under-approximation of Cell Bounds [Promies et al. 2025]

x1

x 2

9.8 9.9 10 10.1 10.2 10.3

·103

0

20

40

60

number of solved instances

ru
nn

in
g

tim
e

(s
)

NLSAT
NLSAT<APX>

Jasper Nalbach (RWTH) CAD Based Methods in Satisfiability Modulo NRA 25 / 26



Under-approximation of Cell Bounds [Promies et al. 2025]

x1

x 2

9.8 9.9 10 10.1 10.2 10.3

·103

0

20

40

60

number of solved instances

ru
nn

in
g

tim
e

(s
)

NLSAT
NLSAT<APX>

Jasper Nalbach (RWTH) CAD Based Methods in Satisfiability Modulo NRA 25 / 26



Contributions

P
ro

of
St

ra
te

gi
es

CAD Theory Heuristics

SAT QE SAT SAT QE SAT QE QE v2

CAD NLSAT CAlC NuCAD

Proof System

McCallum
Equational

Local Delineability
Weak Cell Bounds

Compound Cell Bounds
Projective Delineability

Basic Heuristics
Under-approximation

Combinatorial Optimization

Jasper Nalbach (RWTH) CAD Based Methods in Satisfiability Modulo NRA 26 / 26



Contributions

P
ro

of
St

ra
te

gi
es

CAD Theory Heuristics

SAT QE SAT SAT QE SAT QE QE v2

CAD NLSAT CAlC NuCAD

Proof System

McCallum
Equational

Local Delineability
Weak Cell Bounds

Compound Cell Bounds
Projective Delineability

Basic Heuristics
Under-approximation

Combinatorial Optimization

Jasper Nalbach (RWTH) CAD Based Methods in Satisfiability Modulo NRA 26 / 26



Contributions

P
ro

of
St

ra
te

gi
es

CAD Theory Heuristics

SAT QE SAT SAT QE SAT QE QE v2

CAD NLSAT CAlC NuCAD

Proof System

McCallum
Equational

Local Delineability
Weak Cell Bounds

Compound Cell Bounds
Projective Delineability

Basic Heuristics
Under-approximation

Combinatorial Optimization

Jasper Nalbach (RWTH) CAD Based Methods in Satisfiability Modulo NRA 26 / 26



Contributions

P
ro

of
St

ra
te

gi
es

CAD Theory Heuristics

SAT QE SAT SAT QE SAT QE QE v2

CAD NLSAT CAlC NuCAD

Proof System

McCallum
Equational

Local Delineability
Weak Cell Bounds

Compound Cell Bounds
Projective Delineability

Basic Heuristics
Under-approximation

Combinatorial Optimization

Jasper Nalbach (RWTH) CAD Based Methods in Satisfiability Modulo NRA 26 / 26


