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Real Algebra

» Truth of sentences
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Real Algebra

» Truth of sentences
3x1. Vao. ag. 27 + a5 + 25 — 1 <OA (21 + 20 + 23 >0V 29 > 0)
> Satisfiability of quantifier-free formulas (SMT solving)

3y Jwg. s, af 425+ a5 — 1 <OA (21 + a0+ 25 >0V >0)

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 2/15



Real Algebra

» Truth of sentences

3x1. Voo, 3z3. Lf—l—x%—i—rg —1<OA(z1+22+ 23>0V >0)
> Satisfiability of quantifier-free formulas (SMT solving)

3y Jwg. s, af 425+ a5 — 1 <OA (21 + a0+ 25 >0V >0)
» Quantifier elimination

Jwg. Jxg. w7+ a3 + 25— 1<OA(v1 + a2 +23 >0V, >0)=-1<z<1
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Real Algebra

> Satisfiability of quantifier-free formulas (SMT solving)
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Solving Real Algebra

277,

Tarski's method (Tarski 1948, Seidel 1954) w(2" )
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Solving Real Algebra

277,

Tarski’s method (Tarski 1948, Seidel 1954) w(2™ )
Cylindrical Algebraic Decomposition (Collins 1975) O(22")
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Cylindrical Algebraic Decomposition [Collins 1975]

1. e 2+ 25 — 1 <OAx +a9 >0
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Cylindrical Algebraic Decomposition [Collins 1975]

0.5°4+0.5° —1< 0,0.5+0.5> 0
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Cylindrical Algebraic Decomposition [Collins 1975]

0.25%2 +0.252 — 1< 0,0.25 + 0.25> 0
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Cylindrical Algebraic Decomposition [Collins 1975]

124+12-1>0,1+1>0

(1,1),
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Cylindrical Algebraic Decomposition [Collins 1975]

0°+0°—-1<0,04+0=0
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]

2 2 2
i+ x5 +x3—1, 11+ 22 + 23
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Cylindrical Algebraic Decomposition [Collins 1975]

2, .2, 2
i+ +23—1, 21+ 22 + 7 0 2 . oo
12Ty T T2 TS x? + 22 — 1, 223422 20 4+225—1
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Cylindrical Algebraic Decomposition [Collins 1975]

2., .2, 2
ritwptay— 1 o+ w4 x? + 22 — 1, 223422 20 4+225—1
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Cylindrical Algebraic Decomposition [Collins 1975]

2 2 2
i+ +x5—1, 11+ 22

x3
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Cylindrical Algebraic Decomposition [Collins 1975]

2 2 2 2 2
i+ +x5—1, 11+ 22 ] +a5 =1, 1+ a9
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Cylindrical Algebraic Decomposition [Collins 1975]

o+ xd -1, 2+

T2

I

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 3/15



Cylindrical Algebraic Decomposition [Collins 1975]

2 2 2 9.2
xi+x5—1, x1 + 20, 27 — 1, 207 — |

T2

I
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Cylindrical Algebraic Decomposition [Collins 1975]

2 2 2
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]
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Cylindrical Algebraic Decomposition [Collins 1975]

2 2 2
1 +z5—1, 1 + 20, 27 — 1,
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Cylindrical Algebraic Decomposition [Collins 1975]

2 2 2 2 2 2
$1+$2+1‘3—1, x1—|—172—1, $1+x2, ./Iflfl,

€3

I T2
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Cylindrical Algebraic Decomposition [Collins 1975]

2 2 2 2 2 2 9.2
ity +x5—1, 27 +x5 -1, 21 + 22, 7 — 1, 207 — 1
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Cylindrical Algebraic Decomposition [Collins 1975]

Jzq.3zs. P <0 A Py >0 A py >0 A ps >0

P2
P4

x2

b1 p3
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Cylindrical Algebraic Decomposition [Collins 1975]

Jzq.3zs. P <0 A Py >0 A py >0 A ps >0

x2

1
D3

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 4/15



Cylindrical Algebraic Decomposition [Collins 1975]

Jzq.3zs. P <0 A Py >0 A py >0 A ps >0

x2

1
D3

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 4/15



Cylindrical Algebraic Decomposition [Collins 1975]

Jzq.3zs. P <0 A Py >0 A py >0 A ps >0

P2
P4

x2

b1 p3

I

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 4/15
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Cylindrical Algebraic Decomposition [Collins 1975]

dzq.Jxs. p1 <0 A P2 >0 A 3 >0 A ps >0
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Cylindrical Algebraic Decomposition [Collins 1975]

Jx1.32s. P <0 A P2 >0 A >0 A ps >0
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Cylindrical Algebraic Decomposition [Collins 1975]

Jzq.3zs. P <0 A Py >0 A py >0 A ps >0

b2
2

T2
([ ]

b1 D3

x1
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Limitations of CAD

Cylindrical Algebraic Decomposition (Collins 1975) First tractable approach. Doubly
exponential in the number of variables.
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Limitations of CAD

Cylindrical Algebraic Decomposition (Collins 1975) First tractable approach. Doubly
exponential in the number of variables.

Image: Terezo del Rio
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Limitations of CAD

Cylindrical Algebraic Decomposition (Collins 1975) First tractable approach. Doubly
exponential in the number of variables.

Davenport, Heintz 1988 Real Quantifier Elimination is Doubly Exponential in the
number of quantifier alternations.
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Limitations of CAD

Cylindrical Algebraic Decomposition (Collins 1975) First tractable approach. Doubly
exponential in the number of variables.

Davenport, Heintz 1988 Real Quantifier Elimination is Doubly Exponential in the
number of quantifier alternations.

Basu, Pollack, Roy 1996 Singly exponential in the number of variables. Doubly
exponential in the number of quantifier alternations.
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Exploration-guided Algorithms

dr1.3z9. p1 <O AP >0AP;>0AN pa >0

Z2

Jasper Nalbach (RWTH)

b2

yal

(_
yZ

T

Exploration-guided Methods for NRA

6/15



Exploration-guided Algorithms

dr1.3z9. p1 <O AP >0AP;>0AN pa >0

Z2

Jasper Nalbach (RWTH)

D2

(_
P4

T

Exploration-guided Methods for NRA

6/15



Exploration-guided Algorithms
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Exploration-guided Algorithms
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Exploration-guided Algorithms

dri1.3ze. 91 <0 A po>0 A 520 A pgp >0
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Cylindrical Algebraic Covering [Abraham et al 2021]
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Cylindrical Algebraic Covering [Abraham et al 2021]
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Cylindrical Algebraic Covering [Abraham et al 2021]

dr1.3z. p1 <O AP >0AP;>0ANA pg >0
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Cylindrical Algebraic Covering [Abraham et al 2021]
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Cylindrical Algebraic Covering [Abraham et al 2021]
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Cylindrical Algebraic Covering [Abraham et al 2021]
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Cylindrical Algebraic Covering [Abraham et al 2021]
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Cylindrical Algebraic Covering [Abraham et al 2021]
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Cylindrical Algebraic Covering [Abrahdam et al 2021]

Jxz1.3ze. p1 <OA P >0A P >0APps>0
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Cylindrical Algebraic Covering [Abrahdam et al 2021]
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Cylindrical Algebraic Covering [Abrahdam et al 2021]
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Cylindrical Algebraic Covering [Abrahdam et al 2021]
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Cylindrical Algebraic Covering [Abrahdam et al 2021]
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Cylindrical Algebraic Covering [Abrahdam et al 2021]
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Non-uniform Cylindrical Algebraic Decomposition [Brown 2015]

1 <0Ap>0
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Non-uniform Cylindrical Algebraic Decomposition [Brown 2015]
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Non-uniform Cylindrical Algebraic Decomposition [Brown 2015]

0 A >0

I

=0 @

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 8 /15



Non-uniform Cylindrical Algebraic Decomposition [Brown 2015]
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Non-uniform Cylindrical Algebraic Decomposition
dr1.3z9. p1 <O AP >0ApP;>20APL >0

P2 +—
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Non-uniform Cylindrical Algebraic Decomposition
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Non-uniform Cylindrical Algebraic Decomposition
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Non-uniform Cylindrical Algebraic Decomposition
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Exploration-guided Algorithms

p2 al p2
P4

Y41 P

z1

Cylindrical Algebraic De- NLSAT [Jovanovi¢, de Moura Non-uniform  CAD  (Nu-
composition (CAD) [Collins 2012], Cylindrical Algebraic CAD) [Brown 2015]
1975 Covering (CAIC) [Abrahdm

et al. 2021]
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Extensions
> Boolean reasoning

» Quantifier elimination

> Tweaks of projection
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Comparison of CAIC and NuCAD
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Comparison with SMT tools
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Comparison with QE tools
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Conclusion and Outlook

> exploration-guided methods improve practical efficiency

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 15 / 15



Conclusion and Outlook

> exploration-guided methods improve practical efficiency

» allow for heuristics

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 15 / 15



Conclusion and Outlook
> exploration-guided methods improve practical efficiency

» allow for heuristics

> extension for quantifier alternation is effective

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 15 / 15



Conclusion and Outlook

> exploration-guided methods improve practical efficiency
» allow for heuristics

> extension for quantifier alternation is effective

» CAIC and NuCAD are complementary

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 15 / 15



Conclusion and Outlook

exploration-guided methods improve practical efficiency
allow for heuristics

extension for quantifier alternation is effective

CAIC and NuCAD are complementary

vVvYyyvyy

combinations of algorithms conceivable

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 15 / 15



Conclusion and Outlook

exploration-guided methods improve practical efficiency
allow for heuristics

extension for quantifier alternation is effective

CAIC and NuCAD are complementary

combinations of algorithms conceivable

vVvYvyVvVvyy

integration with MCSAT / NLSAT may improve Boolean reasoning

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 15 / 15



Conclusion and Outlook

> exploration-guided methods improve practical efficiency

> allow for heuristics

> extension for quantifier alternation is effective

» CAIC and NuCAD are complementary

» combinations of algorithms conceivable

» integration with MCSAT / NLSAT may improve Boolean reasoning
>

suitable for parallelization

Jasper Nalbach (RWTH) Exploration-guided Methods for NRA 15 / 15



Conclusion and Outlook

> exploration-guided methods improve practical efficiency

> allow for heuristics

> extension for quantifier alternation is effective

» CAIC and NuCAD are complementary

» combinations of algorithms conceivable

» integration with MCSAT / NLSAT may improve Boolean reasoning
» suitable for parallelization

>

execution trace enables proof generation
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