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Real Algebra

▶ Truth of sentences

∃x1. ∀x2. ∃x3. x21 + x22 + x23 − 1 < 0 ∧ (x1 + x2 + x3 > 0 ∨ x2 ≥ 0)

▶ Satisfiability of quantifier-free formulas (SMT solving)

∃x1. ∃x2. ∃x3. x21 + x22 + x23 − 1 < 0 ∧ (x1 + x2 + x3 > 0 ∨ x2 ≥ 0)

▶ Quantifier elimination

∃x2. ∃x3. x21 + x22 + x23 − 1 < 0 ∧ (x1 + x2 + x3 > 0 ∨ x2 ≥ 0) ≡ −1 < x < 1
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Solving Real Algebra

Tarski’s method (Tarski 1948, Seidel 1954) ω(2·
··
2n

)

Cylindrical Algebraic Decomposition (Collins 1975) O(22n)
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Cylindrical Algebraic Decomposition [Collins 1975]

∃x1. ∃x2. x21 + x22 − 1 < 0 ∧ x1 + x2 > 0
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Cylindrical Algebraic Decomposition [Collins 1975]

x21 + x22 − 1, x1 + x2

x1

x
2
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Cylindrical Algebraic Decomposition [Collins 1975]

0.52 + 0.52 − 1< 0,0.5+ 0.5> 0

(0.5, 0.5)

x1

x
2
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Cylindrical Algebraic Decomposition [Collins 1975]

0.252 + 0.252 − 1< 0,0.25+ 0.25> 0

(0.25, 0.25)

x1

x
2
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Cylindrical Algebraic Decomposition [Collins 1975]

12 + 12 − 1> 0,1+ 1> 0

(1, 1)

x1

x
2
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Cylindrical Algebraic Decomposition [Collins 1975]

02 + 02 − 1< 0,0+ 0= 0

(0, 0)

x1

x
2
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Cylindrical Algebraic Decomposition [Collins 1975]

∃x1. ∃x2. x21 + x22 − 1 < 0 ∧ x1 + x2 > 0
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Cylindrical Algebraic Decomposition [Collins 1975]

x21 + x22 + x23 − 1, x1 + x2 + x3
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Cylindrical Algebraic Decomposition [Collins 1975]

∃x1.∃x2. p1 < 0 ∧ p2 > 0 ∧ p3 ≥ 0 ∧ p4 ≥ 0

p4
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Limitations of CAD

Cylindrical Algebraic Decomposition (Collins 1975) First tractable approach. Doubly
exponential in the number of variables.

Davenport, Heintz 1988 Real Quantifier Elimination is Doubly Exponential in the
number of quantifier alternations.

Basu, Pollack, Roy 1996 Singly exponential in the number of variables. Doubly
exponential in the number of quantifier alternations.
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Exploration-guided Algorithms

∃x1.∃x2. p1 < 0 ∧ p2 > 0 ∧ p3 ≥ 0 ∧ p4 ≥ 0

p4

p3

p2

p1

↓↓

←←

↑↑

↓↓

x1

x
2
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Cylindrical Algebraic Covering [Ábrahám et al 2021]
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Non-uniform Cylindrical Algebraic Decomposition [Brown 2015]

p1 < 0 ∧ p2 > 0

↓↓ →→

x1

x
2

x1
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Exploration-guided Algorithms
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Cylindrical Algebraic De-
composition (CAD) [Collins

1975]
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NLSAT [Jovanović, de Moura

2012], Cylindrical Algebraic
Covering (CAlC) [Ábrahám

et al. 2021]
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Non-uniform CAD (Nu-
CAD) [Brown 2015]
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Extensions

▶ Boolean reasoning

▶ Quantifier elimination

▶ Tweaks of projection
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Comparison of CAlC and NuCAD
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Comparison with SMT tools
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Comparison with QE tools
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Conclusion and Outlook

▶ exploration-guided methods improve practical efficiency

▶ allow for heuristics

▶ extension for quantifier alternation is effective

▶ CAlC and NuCAD are complementary

▶ combinations of algorithms conceivable

▶ integration with MCSAT / NLSAT may improve Boolean reasoning

▶ suitable for parallelization

▶ execution trace enables proof generation
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